We construct the graviton propagator on de Sitter background in the one parameter family of exact, de Sitter invariant gauges. Our result takes the form of a universal spin two part and a gauge dependent spin zero part. Scalar equations are derived for the structure functions of each part. There is no de Sitter invariant solution for either structure function, although the de Sitter breaking contribution to the spin zero part may drop out for certain choices of the gauge parameter. Our results imply that de Sitter breaking is universal for the graviton propagator, and hence that there is an error in the contrary results derived by analytic continuation of average gauge fixing techniques.
Introduction
The idea of gauge invariance has been central to theories of vector and tensor fields. The fact that physical results should be gauge independent allows one to choose the best option for a gauge in terms of simplicity and convenience. However, this freedom cannot be exploited unless the propagator is known in a variety of different gauges, and that information is only available for a handful of backgrounds. For gravitons on flat space background there are no subtleties to imposing a general Poincaré invariant gauge, and one loop results are known for the graviton self-energy [1] and for the vacuum polarization [2] . In contrast, all graviton loop computations on de Sitter background [3, 4, 5, 6, 7] have been performed in a single gauge [8, 9] .
The reason for this is two subtleties in gauge fixing on de Sitter background that became apparent from problems in early work on the subject [10, 11] :
• There is a topological obstacle to adding de Sitter invariant gauge fixing terms [12] ; and
• Analytic continuation techniques can fail when infrared divergences are present [13] .
The first problem invalidates most of the solutions that have been obtained by adding de Sitter invariant gauge fixing terms [14] ; the math was right but there was a subtle physics error with gauge fixing. It should still be possible to enforce exact gauge conditions which are de Sitter invariant, but the second problem means that one cannot trust exact gauges which are alleged to be enforced by taking singular limits of average gauges [15] . The more reliable procedure for exact gauge conditions is to construct the propagator directly. This has recently been accomplished [16, 17] for de Donder gauge,
where h µν is the graviton field, whose indices are raised and lowered by the de Sitter background metric, and D µ denotes the covariant derivative operator in the de Sitter background. The purpose of this paper is to extend this result to a general de Sitter invariant gauge,
We follow the analysis of the β = 1 case [16] by splitting the propagator into a spin zero part (which depends upon β) and a spin two part (which is independent of β). Both of these will be written in terms of projection operators, which automatically enforce the gauge condition, acting on structure functions. We then write down a graviton propagator equation which obeys the gauge condition on both index groups, with the appropriate projection operator standing on the right hand side. It is then simple to derive scalar differential equations for the two structure functions, which can be solved using previous techniques.
In the next section we present our notation and give a summary of the formalism of working on de Sitter space. In section 3 we review previous work on general scalar and vector propagators and explain the method of integrating propagators. The main result is derived in Section 4 where we present the projection operators and structure functions for both the spin zero and spin two parts. Section 5 compares our results with those obtained by the suspect procedure of taking singular limits of gauge fixing terms [15] .
The de Sitter Background
In this section we will set the notation for this paper by defining the graviton field and presenting the formalism for working on a de Sitter background. The graviton propagator we will obtain corresponds to a gravitational field described by the Lagrangian:
Here D is the dimension of spacetime, Λ is the cosmological constant, which is related to the Hubble constant by Λ = (D − 1)H 2 and G is Newton's constant. We define the graviton field h µν (x) by subtracting the de Sitter background metric g µν (x) from the full metric g µν (x):
Here κ 2 ≡ 16πG is the loop counting parameter of quantum gravity. Because all tensorial constructions will henceforth involve the background metric, we drop the bar and employ g µν (x) to represent the de Sitter background. Graviton indices are raised and lowered with this background field, h µ σ = g µρ h ρσ and the covariant derivative operator D µ is constructed with respect to this background field. This operator serves to define the Lichnerowicz operator which will be useful in Section 4:
where we have used the de Sitter result for the Riemann tensor R αβµν = H 2 (g αµ g βν − g βµ g αν ). From now on we will employ the notation that parenthesized indices are symmetrized and
Different physicists have different preferences about what is most appropriate choice for a de Sitter space manifold. Many prefer to work on the full de Sitter manifold because of the high level symmetry of de Sitter space. In this work we make no a priori assumptions about de Sitter symmetry, we do however wish to, from the perspective of inflationary cosmology, preserve the symmetries of isotropy and homogeneity, or the (E3) vacuum, for a spatially flat space. Hence we prefer to do our calculations in the open conformal submanifold of de Sitter, also known as the "cosmological patch". Here the ranges for the coordinates x µ = (x 0 , x i ) are:
In this coordinates the metric, being conformal to that of flat space, takes a simple form :
where a = −1/Hx 0 is the scale factor and η µν is the Lorentz metric. Our calculation will generally involve de Sitter invariant and non-invariant quantities. Manifest infrared effects produce divergences that will break de Sitter invariance. However much of this work will contain invariant quantities, and when present it is useful to express them in terms of the de Sitter invariant length function y(x, x ′ ),
Except for the factor of iε (whose purpose is to enforce Feynman boundary conditions) the de Sitter length function can be expressed as follow in terms of the geodesic length ℓ(x; x ′ ) from
Once we have this de Sitter invariant function we can construct a basis of de Sitter invariant bi-tensors. Since y(x; x ′ ) is de Sitter invariant so too are covariant derivatives of it. This basis consists of the first three derivatives of y(x; x ′ ) along with the metrics g µν (x) and g µν (x ′ ) [18] :
Here and subsequently we define ∆x µ ≡ η µν (x−x ′ ) ν . Acting covariant derivatives generates more basis tensors, for example [18] ,
The contraction of any pair of the basis tensors also produces more basis tensors [18] ,
General Scalar and Vector Propagators
It is our goal to find an expression for the graviton propagator in terms of covariant derivative projection operators acting on some scalar functions.
The method we will use to obtain these scalar functions consists of first finding a differential equation they must obey and then integrating these scalar propagator equations. Additionally we will also require the use of vector propagators to facilitate our calculation when imposing our gauge condition on the graviton propagator equation. The purpose of this section is to present the general solution for the propagators of a scalar and vector field with masses M S and M V respectively and explain the method of integrating propagators [12, 13] .
Scalar Propagators
Let us define b A ≡ (D − 1)/2, and consider a general scalar field with masssquared
by the Lagrangian,
The associated propagator i∆ b (x; x ′ ) obeys the equation,
The propagator will be de Sitter invariant for a positive mass-squared which corresponds to b < b A . Its expansion for b = ν is:
For the case b ≥ b A the naive mode sum becomes infrared divergent and requires a de Sitter breaking infrared correction [19, 16] . This correction term is added in such a way to preserve the symmetries of homogeneity and isotropy mentioned before. The expansion of the de Sitter breaking part is,
where the coefficients C N nm are,
.
The full propagator is defined as the limit as ν approaches b of the sum of expressions (21) and (22):
We close this subsection by showing a technique we will require later for the frequent case of integrating scalar propagator equations when the source term contains another scalar propagator. Suppose that a "propagator" i∆ bc (x; x ′ ) obeys the equation
The solution to this equation is [12, 13] :
For the special case b = c the solution involves a derivative,
We can apply the same procedure when the source is an integrated propagator,
The solution to this equation, which is manifestly symmetric under the interchange of any two indices, is given by:
Again, when two indices agree the solution involves a derivative,
If all three indices are equal then we obtain,
Vector Propagators
In this subsection we will present the results for a general vector propagator corresponding to a vector field with mass-squared M 2 V described by the following Lagrangian
¿From this equation we see that its associated propagator i µ ∆ ρ (x; x ′ ) obeys the equation
It is important to note that at this point this is the full vector propagator. However it can be decomposed, without making any assumptions about de Sitter invariance, into a longitudinal part and a transverse part:
Both terms in the above expression were obtained as projector operators constructed in terms of covariant derivatives acting on scalar structure functions. The longitudinal part can be simply written as,
The transverse part, although a little more complicated, can be written as,
where
and the operators are defined by
Note that this choice corresponds to enforcing transversality when acting P αβ µ (x)P ρσ ν (x ′ ) on any 4-index symmetric bi-tensor function of x and x ′ . Having found the tensorial structure of both parts we now only need the solution for the structure functions S L and S T .
We can find an equation for the longitudinal structure function by taking the divergence of the full propagator equation (34) and using equations (35)-(37). The result is
This equation can be easily solved for ′ S L by comparing it with (20) ,
One more integration using relations (25)- (26) yields the desired result,
Having obtained the solution for the longitudinal part we can now derive an equation for the transverse part by substituting this solution in the full propagator equation (34) [20] ,
From this it can be shown [16] that the transverse structure function obeys the equation,
Applying relations (25)- (26) we conclude that the transverse structure function is,
where c = 
The Graviton Propagator
This section comprises our main result. We will use the techniques presented in the previous section, namely that for integrating propagator equations and the method of projection operators to calculate the graviton propagator in the one parameter family of exact, de Sitter invariant gauges. We consider the most general invariant extension (2) of de Donder gauge. As with the vector propagator we will decompose the graviton propagator into two parts: a spin zero and a spin two part. Similarly we will write these contributions as projection operators acting on two scalar structure functions S 0 (x; x ′ ) and S 2 (x; x ′ ), respectively.
Imposing a General Invariant Gauge
When the exact gauge condition (2) is imposed, the propagator must obey the same condition on either coordinate and the corresponding index group:
It is these two equations that will determine the projection operators we seek in order to decompose the full graviton propagator into its spin 0 and spin 2 parts,
So far this is completely analogous to the case of the vector propagator where the conditions enforced were longitudinality and transversality. The spin zero part of the propagator can be written in terms of an operator which is a linear combination of longitudinal and trace terms,
To determine this projector operator we consider the following linear combination of operators,
The constants c 1 and c 2 are determined by enforcing the exact gauge condition on the propagators. Substituting equations (49) and (50) into (46) we obtain c 1 = (2 − β)/(Dβ − 2) and c 2 = 2(D − 1)/(Dβ − 2). Thus our spin zero projector takes the form,
Our analysis for the spin two part of the propagator is facilitated by the fact that this part is not affected by the gauge fixing parameter. When β = 1 we recover exact de Donder gauge and the graviton propagator in this gauge has been published in [16] . The result is,
where the projection operator is defined by
Now that we have the form of the graviton propagator in equations (49)and (53), we only need to determine the corresponding scalar structure functions. In order to obtain equations for them we need to derive an equation for the propagator. To accomplish this we act the Lichnerowicz operator defined in (5) and impose the general gauge condition (46),
From this expression we infer that the graviton propagator obeys the following equation,
Here the R.H.S., yet undetermined, includes terms that enforce the gauge condition on this side of the equation. One important point is that the left hand side obeys the gauge condition on x ′ but not on x due to the presence of the covariant operators. Hence the right hand side cannot be symmetric under the interchange of x ↔ x ′ with the corresponding interchange of index groups. It can easily be seen that the term that spoils this symmetry is proportional to the trace of the propagator, so we achieve a more symmetric expression if we add a trace term to the left hand side of the equation to cancel the problematic term, namely,
Now one can check that this equation obeys the general gauge condition on both x and x ′ making the right hand side symmetric under interchange of x and x ′ . We will now derive the right hand side of this equation such that it also obeys the gauge condition (2) . For this purpose we consider the following ansatz based on general tensor analysis:
Here we have used the transverse vector propagator i[ ν ∆
T σ ](x; x ′ ) which obeys the equation,
The last term in this equation serves to enforce transversality which is immediate after we recall the equation the A-type propagator:
Similarly, the scalar function the four derivatives act upon in (58) must obey the relation,
We can integrate this equation as usual with the help of (25) to obtain,
where the new N-type propagator obeys,
with a corresponding value of b
). With the above relations, our ansatz (58) obeys the gauge condition provided we set
, c 2 = 1 and c 3 =
(2−β)
. Hence our final form for the graviton propagator equation is,
The Structure Functions
Our final task is to obtain the differential equations the two structure functions S 0 (x; x ′ ) and S 2 (x; x ′ ) obey and solve them using the technique presented in Section 3.
To find the equation for S 0 (x; x ′ ) we just take the trace of the left hand side of our graviton propagator equation (64):
To arrive at this form we have used the full propagator (48) (the spin two part drops out because it is traceless) and substituted equations (49)- (50). On the other hand, tracing the right hand side of (64) gives,
At this point we recall the expression we derived for the scalar function S L (x; x ′ ) in terms of the A-type and N-type propagators, (62). It is easy to see, using equations (60) and (63), that acting the d'Alembertian operator on it gives S L (x; x ′ ) = −i∆ N (x; x ′ ). Hence (66) becomes,
Equating the traces of both sides of the propagator equation, (65) and (67), gives us an equation for S 0 ,
This equation can be simplified if we rewrite the source term as a delta function by acting the operator that inverts i∆ N (x; x ′ ),
This is the desired result for the equation for the spin zero structure function. Solving this equation finally gives the solution for the structure function S 0 ,
From the definition of the doubly integrated propagator (31) we note that S 0 involves the W -type propagator, i∆ W (x; x ′ ), which corresponds to a tachyonic mass squared of M 2 S = −DH 2 , and the N-type propagator, i∆ N (x; x ′ ), which corresponds to a mass squared of M
As a consequence i∆ W (x; x ′ ) will involve both a de Sitter invariant part and a gauge independent de Sitter breaking part. The propagator i∆ N (x; x ′ ) has a gauge dependent mass-squared and breaks de Sitter invariance for β < 2. This is in agreement with a previous result [17] where explicit results were obtained for the de Sitter breaking part of the graviton propagator with β = 1.
As we have already mentioned for the spin two sector of the propagator, this part is not affected by the gauge parameter. Thus we can impose again an exact de Donder gauge by setting β = 1. The advantage of doing so is that the structure function S 2 (x; x ′ ) has also been calculated in this gauge [16] . There it was shown that S 2 (x; x ′ ) obeys the equation,
The solution follows from (28)-(32),
We remind the reader that the B−type propagator i∆ B (x; x ′ ) has masssquared M 2 S = (D − 2)H 2 and thus is de Sitter invariant.
Discussion
We have constructed the graviton propagator on de Sitter background in the general family of exact de Sitter invariant gauges (2) parameterized by the constant β. Just as for the de Donder gauge case (β = 1), our result (48) takes the form of a transverse-traceless, spin two part (53) plus a spin zero part (49). Each part consists of a de Sitter invariant projector, which enforces the gauge condition, acting on a structure function. Neither the spin two projector (54), nor the spin two structure function (72) is at all changed from the de Donder gauge solutions [16] . For general β, the spin zero projector is (51) and the spin zero structure function is (72). Scalar propagators break de Sitter invariance for any M spin two structure function (72) involves differences of scalar propagators for M 2 S = 0 and M 2 S = (D − 2)H 2 , and it has been shown that its de Sitter breaking persists even after the spin two projectors (54) have been acted [17] . Hence the phenomenon of de Sitter breaking is universal. The spin zero structure function (70) involves differences of the scalar propagators for M
For the case of β = 1 it has been shown that acting the spin zero projectors annihilates the universal de Sitter breaking from the M 2 S = −DH 2 propagator [17] , and relation (52) reveals that this remains true for all β. So the spin zero part of the propagator is de Sitter invariant for β > 2.
It should be noted that de Sitter breaking occurs as well in the propagator which was constructed by adding a noninvariant gauge fixing term [8, 9] that does not suffer from the topological obstruction to invariant terms. Even though this gauge breaks de Sitter invariance, adding the compensating gauge transformation reveals a physical breaking of de Sitter symmetry [22] . Indeed, the de Sitter breaking of this old propagator is precisely the same in the transverse-traceless sector as what we have just found for general β [17] . Our new propagator also gives the same result for the linearized Weyl-Weyl correlator [23] , because the correlators have been shown to agree for β = 1 [24] , and because the β-dependent, spin zero part drops out of the Weyl-Weyl correlator [24] .
Our universally de Sitter breaking results contrast sharply with the universally de Sitter invariant results derived by taking a singular limit of de Sitter invariant gauge fixing functionals [15] . The two methods are not completely discordant because both find the same poles at M 2 S = 0 in the spin two sector and (for D = 4) at M 2 S = −6/(2 − β)H 2 in the spin zero sector. Moreover, both methods give the same result for the linearized Weyl-Weyl correlator [25] , after some mistakes are corrected in the invariant propagator computation [26] . So there does not seem to be much support for the suggestion that the de Sitter breaking propagators [8, 9, 16, 17] access a different sector of the graviton Hilbert space [27] .
It seems to us that the more likely source of the disagreement is the procedure of taking a singular limit of the invariant -but provably wrong [12] propagators that derive from adding a de Sitter invariant gauge fixing functional to the action [15] . We conjecture that this introduces an error which only affects the de Sitter breaking, infrared divergent part of the propagator. This error drops out of the linearized Weyl-Weyl correlator on account of the four derivatives. (Note that even the provably wrong propagators [14] give the same result for the linearized Weyl-Weyl correlator [25] .) One could check for such an error by acting the gauge-fixed kinetic operator on the alleged propagator, which should produce a projection operator. We predict that the result will fail to be idempotent.
